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Abstract

The paper describes a numerical method for the prediction of condensing steam ¯ow within compressible boundary layers. The

method is based on a simple stream function technique, which enables straightforward integration of the nucleation and droplet

growth equations in a Lagrangian frame of reference. Calculations show how viscous dissipation and reduced expansion rate within

a typical boundary layer in¯uence nucleation and growth, leading to droplet radii and size distributions that di�er substantially from

those predicted in inviscid ¯ow. The impact of condensation on temperature and velocity pro®les, and the implications for ther-

modynamic loss are also considered. Ó 2000 Elsevier Science Inc. All rights reserved.
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1. Introduction

Formation of droplets by spontaneous condensation of
water vapour is of practical importance in a number of engi-
neering ®elds, including the ¯ow of steam in low pressure
turbines, the ¯ight of aircraft in humid air and various
chemical engineering applications. Wet-steam research for
turbine ¯ows has focussed on the problems of blade erosion,
thermodynamic and mechanical wetness losses, and the in¯u-
ence of the condensation process on blade aerodynamics. All
of these e�ects are strongly in¯uenced by the size of fog-
droplets formed by spontaneous nucleation (Gyarmathy, 1963)
and it is therefore important that all the processes governing
the formation and growth of droplets are properly understood
and accounted for.

During the past decade, a number of calculation procedures
for inviscid condensing ¯ow have appeared in the literature,
including the methods of Bakhtar and So (1991) and White
and Young (1993) for pure steam, and of Schnerr and Dohr-
mann (1988) for moist air. Such methods are able to correctly
calculate pressure distributions and average droplet sizes for
nozzle and turbine cascade ¯ows. However, optical measure-
ments on operating turbines suggest that droplets are present
with a broad range of sizes (Walters, 1988) which contrasts
strongly with the narrow spectra predicted by inviscid calcu-
lations. A number of factors may contribute to the broad size
range (including the wake-chopping e�ects discussed by
Bakhtar and Heaton, 1988, Guha and Young, 1994, and
others) and it is likely that viscous e�ects play some rôle.
Calculations including viscous e�ects are not common; two

notable examples are the boundary layer calculations de-
scribed in papers by Studzi�nski et al. (1979), and Schnerr et al.
(1992). Both methods use a mono-dispersed population of
droplets to model the liquid phase. Results presented in the
current paper suggest, however, that viscous e�ects lead to
prolonged and secondary nucleations which can only be ac-
curately modelled using a polydispersion of droplet sizes.

Compared with inviscid ¯ow, boundary layer e�ects are
likely to in¯uence the condensation process in two principal
ways. Firstly, ¯uid particles passing through the boundary
layer experience approximately the same spatial variations in
pressure, but travel more slowly than in the free-stream. Ex-
pansion rates are thus slower, leading to smaller departures
from equilibrium. Secondly, whereas nucleation within inviscid
¯ow is usually terminated by the release of latent heat from
growing droplets, viscous heating and the conduction of heat
from hotter zones may prematurely truncate the nucleation
process in boundary layer ¯ow. Both e�ects would tend to
reduce the number of droplets nucleated, leading to larger
droplet sizes once equilibrium conditions have been estab-
lished. In addition to these di�erences, condensation heat re-
lease may substantially modify the pressure distribution at the
edge of the boundary layer, resulting in di�erent velocity
pro®les and integral properties to those observed in single-
phase ¯ow (Schnerr et al., 1992). The calculation method
presented here has been used to investigate the above-men-
tioned e�ects in detail and also to determine how temperature
pro®les and entropy generation are a�ected by the condensa-
tion process. No detailed experimental data currently exist for
condensation within boundary layers but the ability of the
current scheme to predict boundary layer e�ects has been
comprehensively tested for standard single-phase cases, and
the nucleation and droplet-growth routines have been vali-
dated elsewhere by extensive comparison with nozzle and
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turbine cascade data (White and Young, 1993 and White et al.,
1996).

2. Governing equations

2.1. Boundary layer equations for condensing ¯ow

Fog droplets produced by spontaneous condensation are
su�ciently small that they may be assumed to follow va-
pour-phase streamlines without slip. With this assumption,
the conservation equations for the vapour-droplet mixture as
a whole are identical to the corresponding equations for
single phase-¯ow. For steady, compressible ¯ow on a ¯at
surface, the mass continuity, momentum and energy equa-
tions (with the usual boundary layer approximations) are
respectively:
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where s is the shear stress, qy is the local heat ¯ux normal to the
main ¯ow direction, and ho � h� 1

2
u2 is the mixture speci®c

stagnation enthalpy neglecting the very small contribution
from the normal velocity. Two-phase e�ects enter into these
equations through the density, q, and enthalpy, h. These are
non-equilibrium mixture quantities and therefore depend on
the mass fraction of liquid and on the vapour subcooling,
de®ned as DT � Ts ÿ Tv, where Ts and Tv are the saturation and
vapour temperatures, respectively. Mathematical closure of
Eqs. (1)±(3) requires expressions for formation and growth of
the liquid phase as described below.

Turbulence e�ects are included by means of an eddy vis-
cosity and eddy conductivity

s � �l� lt�
ou
oy

and qy � ÿ�k� kt� oTv

oy
; �4�

where lt and kt are given by a simple mixing length model. It is
assumed that molecular transport processes are not signi®-

cantly modi®ed by the presence of droplets, so vapour phase
values of k and l are used in Eq. (4). Likewise, values of kt and
lt correspond to those of a single-phase turbulence model.
These approximations are unlikely to incur serious error for
the low values of wetness fraction considered here.

2.2. Formation and growth of the liquid phase

As ¯uid particles pass through the condensation zone, they
experience variations in ¯uid properties and expansion rate
which ultimately lead to the formation of droplets with a range
of sizes. Accurate modelling of the condensation process re-
quires retaining information on the whole spectrum of droplet
sizes since smaller droplets have a higher surface area to mass
ratio, and so respond more rapidly to changes in the ¯ow
properties. In the current calculations, the polydispersed na-
ture of the liquid is modelled by retaining a number of droplet
groups (typically 10±20 per decade of radius) at each point in
the ¯ow. Group i contains ni droplets per unit mass of mixture,
each of radius ri, density qi and at temperature Ti. The mass
fraction of liquid per unit mass of mixture (the wetness frac-
tion) is thus

y �
X

yi �
X

qini4pr3
i =3; �5�

where the summation is over all droplet groups. Neglecting the
very small volume occupied by the liquid, the mixture density
is given by q � qv=�1ÿ y�.

Similarly, the mixture speci®c enthalpy is

h � �1ÿ y�hv �
X

yihi; �6�

where hv and hi are the speci®c enthalpies of the vapour and
group-i droplets, respectively. Since the vapour and liquid are
not in general at equilibrium, qv, hv and hi are not saturation
values and must be evaluated at the temperatures and pres-
sures corresponding to the relevant phase.

Once nucleation is complete, the absence of velocity slip
guarantees that the number of droplets in each droplet group
remains constant along streamlines. Changes in wetness frac-
tion are therefore most conveniently calculated in a Lagrang-
ian frame of reference. Recognising that new droplets are
formed only at the critical radius and di�erentiating (5) fol-
lowing a ¯uid particle gives

Notation

cpv speci®c isobaric heat capacity of vapour
h speci®c enthalpy
ho speci®c stagnation enthalpy of mixture
J nucleation rate per unit mass of mixture
mi group-i droplet mass
ni number of group-i droplets per unit mass of mixture
p pressure
Pr Prandtl number
qy heat ¯ux in y direction
r wall temperature recovery factor (de®ned in text)
R gas constant for H2O per unit mass
ri radius of group-i droplets
r� Kelvin±Helmholtz critical radius
S entropy/source term
t time
T temperature
u; v velocity components

x; y spatial coordinates
y wetness fraction
DT vapour subcooling, �Ts ÿ Tv�
k thermal conductivity of vapour
l dynamic viscosity of vapour
w stream function
q density
s shear stress

Subscripts
f liquid phase
i group-i droplets/streamwise location
s saturation quantity
t turbulent values
v vapour phase
1 free-stream values
Unsubscripted quantities refer to mixture values where
appropriate.
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where J is the nucleation rate, D=Dt is the substantive deriv-
ative (i.e., ~u � r for steady ¯ow), and r� is the Kelvin±Helm-
holtz critical radius. The theories of nucleation and droplet
growth have been treated extensively in the literature and
Young (1982) has shown that classical nucleation theory cor-
rected for non-isothermal e�ects, combined with a slightly
modi®ed form of Gyarmathy's growth law give good agree-
ment with extensive experimental data. The expressions
adopted here for J, Dri=Dt and r� are taken from the paper by
Young. It is worth noting that both processes (and especially
nucleation) depend strongly on the vapour subcooling, which
is therefore a key parameter in determining phase change. In
the present calculations, the subcooling is obtained from the
enthalpy and pressure once the wetness fraction is known.
Solution of the entire equation set therefore requires an iter-
ative approach, as discussed below.

3. Numerical integration procedure

The momentum and energy equations may be cast in the
form

qu
o/
ox
� S � qu

o
ow

aqu
o/
ow

� �
/ � u; a � �l� lt� momentum;
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where S is a ``source'' term (de®ned below), cpv is the vapour
phase isobaric speci®c heat capacity, and w is the stream
function de®ned by

ow
oy
� qu and
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� ÿqv: �9�

The purpose of this transformation is to allow the use of a
computational grid composed of streamlines (w � const:) and
quasi-orthogonals (x � const:), as shown in Fig. 1. This greatly
simpli®es the Lagrangian style nucleation and droplet growth
calculations and also maintains a more constant resolution of
the growing boundary layer.

The source term for the momentum equation is simply the
pressure gradient, S � ÿdp=dx, whereas for the energy equa-

tion S is derived by combining the de®nition of ho with Eq. (6).
After some manipulation, the result is
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�
;

�10�
where Pr is the (turbulent plus molecular) Prandtl number.

The solution proceeds downstream by integrating Eq. (8)
from speci®ed upstream pro®les of u, v and ho. The integration
procedure follows broadly the ®nite volume scheme described
by Cousteix (1988). Numerical stability is achieved by implicit
discretization of the di�usive term in Eq. (8), using quantities
at the downstream quasi-orthogonal, i� 1 (Fig. 1). In an ini-
tial predictor step, the momentum equation is ®rst solved to
obtain the velocity pro®le on i� 1, followed by the energy
equation to give the stagnation enthalpy and temperature
®elds. This provides an initial guess of the subcooling which is
used to integrate the nucleation and droplet growth equations
along each streamline between i and i� 1. The source term
(Eq. 10) and mixture density are then updated and the pro-
cedure is repeated in one or more corrector steps. In practice,
virtually no change occurs after the ®rst correction.

Inlet pro®les of u, v and ho and the streamwise pressure
distribution are speci®ed as boundary conditions, and in all the
calculations presented adiabatic and no-slip wall conditions
have been used.

4. Results of calculations

The method was ®rst validated in single-phase mode by
computing standard test cases, including Blasius and Falkner±
Skan pro®les and turbulent ¯at-plate ¯ow. In each case, ex-
cellent agreement was obtained with either the analytical so-
lution or experimental data, but results are not presented here
due to space constraints. Heat conduction aspects of the
scheme were also tested by computing the adiabatic wall
temperature recovery factor,

r � 2cpv�Tw ÿ T1�
u21

;

at various Prandtl numbers. This was found to be in accord
with the relation r � Pr1=2 (Schlichting, 1979). Full condensing
¯ow computations were then carried out using streamwise
pressure distributions corresponding to a typical nozzle ex-
pansion. Since the equations solved are applicable only to a
¯at surface and no coupling is made with the `outer' ¯ow, the
results may be viewed as valid only for thin boundary layers on
the nozzle endwall. However, similar processes are likely to
occur on the curved surfaces of turbine blades. Results for just
one nozzle are presented, the geometry of which is given in
Moore et al. (1973) where it is labelled as nozzle B.

The streamwise pressure distribution on the nozzle centre-
line was computed using an inviscid time-marching technique
(White and Young, 1993), and is shown in Fig. 2 for ¯ow with
and without condensation. The pressure rise observed at
x � 0:1 m is typical of wet supersonic expansions and is due to
the release of latent heat at supersonic conditions. Unfortu-
nately, no boundary layer data are available for this (or any
other) condensing-steam nozzle ¯ow. The boundary layer
thickness was therefore arbitrarily set to 5 mm at x � ÿ0:05 m
(refer to Fig. 2), and both laminar and turbulent cases were
investigated. Properties in the condensation zone were found
to be relatively insensitive to the boundary layer pro®le at
inlet, so a simple linear distribution of velocity together with
constant ho were speci®ed. The grid density was typically 183
� 50 points (x� y), spanning approximately two boundaryFig. 1. Computational cell.
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layer thicknesses. Further re®nement indicated grid indepen-
dence.

The results presented below focus mainly on the laminar
calculations since these exhibited a few additional features. In
fact, the nature of the predicted phenomena was similar for the
laminar and turbulent cases, with di�erences being mainly
quantitative rather than qualitative.

4.1. Velocity pro®les

The main impact of condensation upon inertial aspects of
the boundary layer (velocity pro®les, boundary layer thickness
etc.) is likely to stem from the condensation pressure rise.
Predicted velocity pro®les at the end of this pressure rise
(x � 0:13 m in Fig. 2) are shown in Fig. 3 for both laminar and
turbulent cases. At this location, the calculated boundary layer
thicknesses were 2.44 mm and 3.90 mm, laminar and turbulent,
respectively. (For the turbulent calculations, the boundary
layer was assumed fully turbulent from the inlet plane,
x � ÿ0:05 m.) As expected, the pressure rise has a substantially
greater e�ect on the laminar boundary layer, which in the
current case almost reaches separation: calculations carried
out with the initial thickness, d99, in the range 0.5±50 mm gave
typical reductions in the local skin friction coe�cient of 80±
90% for the laminar case but only 10±20% for the turbulent
case.

Fig. 3 also shows the laminar velocity pro®le computed
with the pressure distribution corresponding to the wet ex-
pansion of Fig. 2, but with the condensation terms turned o�.
This is indistinguishable from the full condensing ¯ow result,
suggesting that velocity e�ects may be adequately modelled by
combining an inviscid condensing ¯ow calculation with a
standard single-phase boundary layer method. (Inclusion of
the wetness terms does, however, have a small e�ect on the
predicted displacement and momentum thicknesses.)

Although the condensation process had little impact on the
turbulent pro®le for the present nozzle expansion, the severity
of the condensation pressure rise is dependent upon a number
of factors, including the expansion rate and the location of the
nucleation zone. Under certain circumstances, the heat release
may be more than su�cient to revert the ¯ow to sonic con-
ditions (the so-called supercritical regime), in which case an
aerodynamic shock-wave becomes embedded in the conden-
sation zone (see, for example, Barschdor� and Fillipov, 1970).
In such cases, the turbulent boundary layer may be more se-
verely a�ected. (Numerical studies for supercritical moist air
¯ow, conducted by Schnerr and Li (1933), suggest, however,
that the shock-wave is considerably weakened at the boundary
layer edge and does not initiate separation.)

4.2. Subcooling distribution

Plots of subcooling provide valuable understanding of how
the condensation process varies across the boundary layer. Fig.
4 shows the predicted subcooling for laminar condensing ¯ow.
In the free stream, the expansion is fastest and is isentropic up
to the point where nucleation begins. The subcooling in this
region reaches a maximum of 36:6°C, giving extremely intense
nucleation. The release of latent heat returns the ¯ow rapidly
to a near-equilibrium state, as seen by the abrupt collapse in
subcooling and the subsequent equilibrium `plateau'. Nearer
to the nozzle wall, however, viscous dissipation maintains the
temperature to within a few degrees of the initial stagnation
value, so that as the pressure (and hence saturation tempera-
ture) falls, the steam becomes further superheated. A dry zone
is therefore predicted in this region. In turbulent boundary
layers, eddies are likely to carry droplets inward from the free-
stream, but this e�ect has not been modelled in the present
calculations.

At intermediate distances from the wall, the ¯ow is su�-
ciently subcooled for nucleation to occur, but viscous dissi-
pation and the relatively low expansion rate result in smaller
departures from equilibrium than in the free stream. The lower
values of subcooling give slower nucleation, providing sub-
stantially fewer droplets. Return to equilibrium is more grad-

Fig. 3. Comparison of velocity pro®les with and without condensa-

tion. Fig. 4. Variation of subcooling for condensing laminar ¯ow.

Fig. 2. Computed pressure variation along nozzle centreline.
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ual than in the free stream since less liquid surface is available
for phase change.

The trough in subcooling midway through the boundary
layer may be explained by reference to the plots of nucleation
rate along individual streamlines, shown in Fig. 5. These in-
dicate considerable variation across the boundary layer. In
particular, on streamline c (corresponding to the trough of Fig.
4), the initial nucleation dies away due to a combination of
dissipative heating and conduction from the hotter vapour on
either side. Insu�cient droplets are formed to prevent a further
increase in subcooling as the ¯ow continues to expand, and a
second nucleation occurs further downstream. The large
number of droplets nucleating in this downstream region in the
neighbourhood of streamline c result in a rapid return to
equilibrium, giving the observed trough of Fig. 4.

4.3. Wetness fraction and droplet sizes

Fig. 6 shows the distribution of wetness fraction for the
above laminar ¯ow calculation. The decrease in wetness and
the postponed onset of condensation as the wall is approached
are consistent with the isentropic e�ciency of the expansion
decreasing in this direction. The variation of wetness fraction
across the nozzle exit is not monotonic since the the ¯ow has
not yet regained equilibrium. (Note that once equilibrium has
been restored, the wetness depends only on the pressure and
entropy.) Corresponding Sauter mean droplet radii (de®ned as
three times the total volume of liquid per unit mass of mixture
divided by the total surface area) are shown in Fig. 7, for
which two interesting features are apparent. Firstly, secondary
nucleation is evident as a small trough in the mean droplet size.

This is because the formation of new, critically sized embryos
tends to reduce the mean radius, counteracting the increase
due to growth of established primary droplets. Secondly, the
droplet size exhibits a maximum value close to the boundary
layer edge (in this case at y=d99 � 0:86 at nozzle exit, coinciding
with streamline b in Fig. 5). The occurrence of this maximum is
in keeping with the results of Schnerr et al. (1992). It stems
from the very small number of droplets nucleated on this
streamline, which must grow to a larger size to attain the
downstream equilibrium wetness fraction. The faster growth
necessary to achieve this arises naturally by a slower decay of
the subcooling, as seen in Fig. 4.

The above calculations were carried out whilst retaining up
to 50 droplet groups per decade of radius. The resulting
droplet size distributions at the nozzle exit plane, on three
di�erent streamlines, are shown in Fig. 8. The e�ect of sec-
ondary nucleation on streamline c is clearly to produce a bi-
modal size distribution, whilst the premature termination of
nucleation on streamline b results in a distribution centred on a
comparatively large radius. Since boundary layers for most
practical condensing ¯ow situations are likely to be very thin,
optical droplet-sizing techniques, such as that developed by
Walters (1973), would measure size distributions which are in
some way averaged over the entire boundary layer. Fig. 9
shows the mass averaged droplet size distribution, obtained by
weighting the wetness values with the increment in stream
function associated with each streamline. Compared with the
distribution in the free stream, droplet sizes are spread over a
much wider range. The exact shape of this distribution will
obviously depend on how much of the free stream ¯ow is

Fig. 5. Nucleation rate on di�erent streamlines.

Fig. 6. Wetness fraction for condensing laminar ¯ow.

Fig. 7. Sauter mean droplet radii computed for laminar ¯ow.

Fig. 8. Droplet size spectra on di�erent streamlines.
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included in the averaging, but it is nonetheless clear that
boundary layer e�ects will be a contributing factor towards the
broad droplet size spectra observed in steam turbine mea-
surements (Walters, 1988).

4.4. Turbulent boundary layers

With the exception of the impact on velocity pro®les, the
turbulent calculations showed very similar trends to those
described above. Fig. 10, for example, shows the distribution
of predicted Sauter mean droplet radii. Although no secondary
nucleation `trough' is present, there is a peak in the mean
droplet size part way through the boundary layer, similar to
that observed in the laminar calculations. In this case, the peak
occurs at y=d99 � 0:56, with a maximum radius almost three
times the free stream value (the largest droplets being 0:17 lm
in diameter). The practical signi®cance of this feature with
regard to steam turbine ¯ows is that the larger droplets would
considerably increase deposition of water onto blade surfaces.
Due to so-called turbophoretic e�ects, transport of droplets by
turbulent eddies is very sensitive to droplet radius in the pre-
dicted size range (Young and Leeming, 1997); a threefold in-
crease in radius would conceivably enhance deposition by
more than an order of magnitude, thereby exacerbating
problems of blade erosion and increasing mechanical wetness
losses.

4.5. Thermodynamic losses

One of the main concerns in wet-steam research is the sig-
ni®cant reduction in turbine e�ciency associated with con-
densation and it is thus of interest to examine how boundary
layer losses are modi®ed by phase change. An approximate
derivation of the rate of entropy change following a ¯uid
particle is presented in the appendix. The expression is com-
posed of three terms, corresponding to viscous dissipation,
heat transfer through the mixture, and irreversible phase
change. Entropy changes due to the ®rst and last of these
processes are necessarily positive, whereas the second term
may be either positive or negative according to whether the net
heat ¯ux is into or away from the ¯uid particle. Variations in
entropy due to each of the processes are shown in Fig. 11 for
streamline b (laminar calculations). Despite the level of ap-
proximation, the sum of the three contributions is in reason-
able agreement with the entropy calculated directly using an
expression similar to Eq. (6). One point of interest is that,
following the onset of condensation, the heat transfer term
becomes strongly negative. This is because the condensation
heat release modi®es the temperature pro®le such that there is
a net transfer of heat away from ¯uid particles on this par-
ticular streamline. The entropy variation along streamline b for
dry ¯ow (using the same pressure distribution) is also plotted

Fig. 10. Sauter mean droplet radii computed for turbulent ¯ow.

Fig. 11. Entropy changes along streamline (b).

Fig. 12. Mass averaged entropy changes.

Fig. 9. Comparison of averaged and free stream droplet spectra.
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in the ®gure. In this case, the heat transfer term dominates
(viscous dissipation is almost identical to the wet ¯ow case)
and the entropy monotonically increases.

Entropy changes from each of the processes described
above vary considerably from streamline to streamline and it is
of greater practical interest to consider mass-averaged values
across the entire boundary layer. These are shown in Fig. 12
for both wet and dry laminar ¯ow calculations. The presence
of condensation causes a two-fold increase in the entropy rise
due to heat transfer and adds a similar contribution due to
irreversible phase change. However, since the viscous dissipa-
tion term dominates, the overall loss is similar for the wet and
dry cases {�DS=R�wet � 0:19, �DS=R�dry � 0:17}. A similar re-
sult holds for turbulent ¯ow calculations, for which the total
losses were �DS=R�wet � 0:34 and �DS=R�dry � 0:29. Note that
since an adiabatic wall condition has been used in all the cal-
culations, the mass averaged entropy change due to heat
conduction is always positive.

The distribution of loss between the three irreversible pro-
cesses discussed above will clearly depend on the boundary
layer thickness, the fraction of mass ¯ow associated with the
inviscid outer ¯ow, and the state of the boundary layer.
However, numerical experimentation over a range of thick-
nesses speci®ed at inlet revealed that condensation itself is
unlikely to change boundary layer losses by more than a few
percent. Large aerodynamic losses due to separation, stem-
ming from the condensation pressure rise, are nonetheless
possible.

5. Conclusions

A numerical method for predicting the condensing ¯ow of
steam in boundary layers has been described and used to in-
vestigate the in¯uence of viscous e�ects on condensation
within a converging±diverging nozzle. Viscous dissipation and
the reduced expansion rate within the boundary layer are seen
to interact with the nucleation process in a complex manner,
resulting in average droplet radii and size distributions which
di�er considerably from those predicted by inviscid ¯ow. One
feature, which occurs irrespective of the boundary layer state,
is the formation of large droplets midway through the
boundary layer due to premature termination of the nucleation
process. Calculations with and without condensation suggest
that the only major impact upon inertial aspects of the
boundary layer (i.e., velocity pro®les, skin friction etc.) is by
virtue of the changed pressure distribution. Entropy genera-
tion rates have also been analysed and show that, although the
details of loss generation are noticeably a�ected by conden-
sation, the overall levels of loss are not substantially di�erent.

Acknowledgements

The work described in this paper was carried out at the
Laboratoire de M�ecanique des Fluides et d'Acoustique at the
Ecole Centrale in Lyon, France. The author gratefully
acknowledges ®nancial support received from The Royal
Society.

Appendix A

A thorough analysis of the entropy production rate in
condensing ¯ow is a complex task requiring careful combina-
tion of the momentum and energy equations for the individual
phases. For a formal derivation of entropy generation in in-

viscid gas-droplet ¯ows, the reader is referred to Young (1995).
For the present purposes, an approximate expression is sought
which identi®es entropy production due the various irrevers-
ible processes. Since the conservation Eqs. (1)±(3) are identical
to their single-phase counterparts, they may be combined to
derive entropy changes due to viscous dissipation and thermal
conduction in a pure vapour. Multiplying Eq. (2) by u and
subtracting from Eq. (3) yields
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Recognising that the ¯ow is steady and that op=oy � 0, and
substituting for s from Eq. (4) gives
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In the absence of condensation, changes in entropy may be
written as Tv ds � dhÿ dp=q, so that Eq. (A.2) becomes
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This expression is not valid when condensation is occurring as
the mixture then no longer has a single temperature, and ad-
ditional terms due to phase transition must be included.
Nonetheless, Eq. (A.3) may be taken as an approximation to
entropy production due viscous and heat conduction e�ects,
assuming these processes occur at the vapour temperature, Tv.

Due to the high speci®c enthalpy of phase change for water,
entropy creation due to the condensation process itself is
dominated by exchanges of heat between hot droplets and the
surrounding subcooled vapour. This may be approximated by

Ds
Dt

� �
cond:

�
X

niqi
Ti ÿ Tv

TiTv

�A:4�

(this relation can be obtained by neglecting terms due to mo-
mentum transfer, mass transfer and nucleation in the expres-
sion derived by Young (1995)). qi is the heat transfer from a
group-i droplet to the vapour, and equates approximately to
the enthalpy of phase change

niqi � �hv ÿ hi�ni
Dmi

Dt
� �hv ÿ hi�Dyi

Dt
: �A:5�

Combining Eqs. (A.4) and (A.5) and assuming all droplets to
be at the saturation temperature (a good approximation except
in the very early stages of growth) gives

Ds
Dt

� �
cond:

� hfg

DT
TsTv

Dy
Dt

; �A:6�

where hfg is the speci®c enthalpy of phase change at saturated
conditions. An approximate expression for the overall entropy
production rate following a ¯uid particle is therefore

Ds
Dt

� �
� 1

qTv

�l
(
� lt�

ou
oy

� �2

ÿ oqy

oy

)
� hfg

DT
TsTv

Dy
Dt

: �A:7�

This consists of three terms corresponding to viscous dissipa-
tion, heat transfer and irreversible phase change, respectively.
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